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Einstein's light quantumhypothesis: Dichotomybetweendiscrete
matter(atoms,molecules)andcontinuouselectromagnetic�elds.

... the (wave)theory of light, operating with continuousspa-
tial functions,leadsto contradictionswhenapplied to the phe-
nomenonof emissionandtransformationof light

According to the assumption..., the energy (of light emitted
from a point source) is not distributed continuouslyover ever-
increasingvolumesof space, but consistsof a �nite numberof
energy quantalocalizedat pointsof spacethat move without di-
viding, andcanbeabsorbedor generatedonlyascompleteunits

– Albert Einstein: On a heuristicpoint of view on theproduction
andtransformationof light
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Einstein's GeneralRelativity

� Gravitation is thegeometryof spacetimethoughtof asa 4 dim
continuumof events

� Einstein's equation) spacetimegeometryis asdynamicalas
matterandradiation

Similardichotomybetweendiscretematter/radiationandcontinu-
ousspacetimegeometry(curvature).

� Big Bang ! transformation of spacetimecurvature into
matter

� Black hole ! production of pure spacetimecurvature by
collapse

) whatcontradictions?
spacetimesingularity:breakdown of ClassicalGR
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Raychaudhuri equation : in GR, genericenergy conditions)
singularities are inevitable

� Big bangsingularity: globallypast

� Blackholesingularity: future

� Big bangsingularitynaked

� Eventhorizonof blackholehidessingularity

Theoremson E H

� A hor � 0
� hor = const
� M = � hor � A hor + � � �

Analogywith thermodynamics
But, no microstateswithin classicalGR !
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Bekenstein(1973)

Sbh =
A hor

4l 2P

lP � (G�h=c3)1=2 � 10� 33cm signi�es scale of onset
of quantumgravitational effects ) replaceclassicalcontinuum
spacetimeby quantumgeometry
) Quantum spacetimegeometry has stateswhich yield the
microstatesproducing Sbh ) Black hole physicsmore com-
pelling reasonfor quantizing spacetimegeometry than aes-
thetic reasonsbasedon uni�cation of forces, sincegravity is not
a force.E.g.,for Maxwell electrodynamics

H M ax =
Z
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E2 + B 2 ! photons whenquantized

For GR

H GR =
Z

[N H + N � P]
� 0 when H � 0; P � 0

whereH ; P arediffeomorphismgenerators
) no gravitons in full nonlinear GR without choosingnondy-
namical background

What is quantum geometry?
No completetheoryyet. Oneviableapproach: Loop Quantum
Gravity ! non-perturbative, background-independentformula-
tion of Q Geo
WhatdoesLQG buy us?
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� Microcanonicalentropy of isolated, macroscopicgeneric4 dim
GRblackholes Ashtekaret. al. 1997;Kaul & PM 1998,2000
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� For radiatingblack holes,direct applicationof LQG not pos-
sibleyet; indirectly, usingstdstatmech! universalcriterion
for stablethermalequilibrium Chatterjee& PM 2005
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EH too global

� EH is teleological: determinedonly after entirespacetimeis
known

� Stationarity) blackholemetrichasglobaltimelike isometry

� Excludescosmologicalhorizons(deSitter)

� Seeklocalgeneralization
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Isolatedhorizons Ashtekaret. al. 1997-2001
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� Null innerboundaryof spacetimewith spatialslicesbeingS2

� Null directionvector�elds l � ; n � suchthatl :n j I H = � 1

� � ( l ) = 0 ) L l A hor = 0 ) A hor = const: (isolation)
) IH notcrossed

� � (n ) < 0 ) outertrappingsurface

� Stationaryblackholehorizons,cosmologicalhorizons: : : !
examplesof IH

� OnIH cande�ne � l suchthat� l = const: ! `Zerothlaw of
IH mech' (normof � l not �x ed)

� On IH, cande�ne massM I H = M AD M � E1
r ad suchthat

� M I H = � l � A hor + : : : (Ist law of IHM)

� Suchhorizonscorrespondthermodynamicallyto amicrocanon-
ical ensemblewith �x edA hor
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BecauseIH is aninnerboundary, symplecticstructure

! = ! GR + ! I H

For variationalprinciple to go through,this lifts upto the level of
theaction

S = SE H L + SI H

SinceIH is null, metricon IH is degenerate) SI H mustbea 3
dim topologicalFT ! ?

Digression:canonicalvariables

Sen-AshtekarconnectionA ! SL (2; C ) valuedself-dual

Curv ature F � dA + [A; A ] = � F

� � e ^ e

wheree areSL (2; C )-valuedtetrad�elds
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Self-dual�rst orderaction

SSD = �
i

8� G
T r

Z

M � ^ F

= SE H L

usingr e = 0 obtainedfrom � A SSD = 0.

On a spatialslice M 3 in time gauge(local boostsgauge�x ed),
residualgaugegroup! SU (2)

A a
i = � abc! ibc + i K j

i ea
j

where,! ibc ! spinconn.,K ! extr. curv. Canonicallyconju-
gatemomentumE i

a � det e � ei
a.

) constraints

D � E � 0; P (A; E ) � 0; H (A; E ) � 0

simplify considerably.
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However, A SD ! complex ) quantizationproblems

Canonically transform to 
 -parameterfamily of real SU (2)
(Barbero-Immirzi)family of connections

(
 )A a
i � � abc! ibc + 
 K j

i ea
j

where,
 2 R+ .

Momen tum (
 )E �
1



E

)

! ( � 1; � 2) j ( 
 )A; ( 
 )E =
1

8� G
T r

Z

M 3
� ( 
 )

[1 � ^ � ( 
 )
2] A

+
A hor

8� 
 G
T r

Z

S2
� ( 
 )

1 A ^ � ( 
 )
2 A

Secondterm! SU (2) ChernSimonssymplecticstructrurewith
k = A hor =8� 
 G
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Lifting to level of action

SI H = k T r
Z

S2
 R

2

6
6
6
4A ^ dA +

2

3
A ^ A ^ A

3

7
7
7
5

UsingS = SE H L + SI H , variationalprincipleOK provided
0

B
B
B
B
@

k

2�
FC S + �

1

C
C
C
C
A
jS2

= 0

This consistency condition ) bulk spacecharacterized by �
plays roleof sourcefor CSdof (characterizedby FC S) on IH
Absenceof localexcitations) betterformulationin termsof non-
local variables

holonom y h l (A ) � P exp
Z

l
A

smeared solder form E a(s) �
Z

s E a
i n i
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LQG : nota theoryof loops,but ratherof spinnetworks: �oating
3dlatticewith links l 1; l 2; : : : ; lN carryingspinsj 1; j 2; : : : ; j N
with j i = 1=2; 1; 3=2; : : :; verticesv1; v2; : : : have invariant
SU (2) tensorsCv1; Cv2; : : :.

Spinnetworkgraph

Quantization: ( 
 )A; ( 
 ) E ! oper ator s suchthat

[( 
 ) Â; ( 
 ) Ê ] = i� (3) ( ::: )
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� Spinnetwork states =  (h l1; : : : h lN ; Cv1; : : : Cvm )

� Innerproductgivenby HaarmeasureonSU (2) N

� f  (h l 1; : : : ; h lN )g ! overcompletecountablebasisin kine-
maticalHilbert space.

� Observables! geometrical: area,volume,length,. . .

� Spinnetbasis! eigenbasisfor theseobservableswith discrete
spectrum.

� Consideraspacelike 2-surfaces with classicalarea

A s �
Z

s d2�
s

(2) h

How do we computethe eigenvalues of the corresponding
quantumobservable?
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� Consideraspacelike 2-surfaces with classicalarea

A s �
Z

s d2�
s

(2) h

How do we computethe eigenvalues of the corresponding
quantumobservable?
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sI

Dividing up the surfaceinto tiles sI ; I = 1; 2; : : : ; N of in-
�nitesimal area,

A s = lim
N !1

NX

I =1
[E a

sI
E b

sI
Cab]1=2 ;

where,E sI is the solderform smearedover the surfacesI and
Cab is theCartan-Killingmetricfor SU (2) .
Areaoperator

Â s = lim
N !1

NX

I =1
[Ê a

sI
Ê b

sI
Cab]1=2 ;

with appropriateregularizationof overlappingsmearingsurfaces.
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It turnsout that Smolin& Rovelli 1993;Ashtekar& Lewandowski 1996

Â s (h l 1; : : : ; h lN ) = as( j 1; : : : ; j N )  (h l 1; : : : ; h lN )

as( j 1; : : : ; j N ) = 8� 
 l 2
P

NX

p=1

s

j p( j p + 1)

lim
N !1

jas( j 1; : : : ; j N ) j � A s + O(l 2P )

where,j 1; : : : ; j N arespinsof spinnetlinks of quantum3-space
piercingthe2-surfaces.

� Eventhoughthespectrumis discrete,thescaleof discreteness
is not the Planckarea,but 
 l 2

P ; since 
 2 R+ , discrete-
nessscaleis ambiguousdueto inequivalentquantizationsfor
choicesof 


� 
 cannotbecomputedwithin LQG (cf � parameterin QCD)

� Thereareregularizationsubtletieswhichexpertsdonotalways
agreeupon.
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If all links piercinga2-surfaces carryj i = 1=2 8i

as(N ) = 4�
p

3
 l 2p � N equal spacing

Quantum IsolatedHorizon
Generically, states

j 	 i = � �;N c�;N j  N ij � � i ;

where,j  N i arespinnetwork statesrepresentingbulk spatialge-
ometryandj � � i representthe IH ChernSimonsstateson the2-
sphereS.
OperatorConsistency Condition

0

@k F̂C S + �̂
1

A

S
j 	 i = 0

Now,

�̂ j  N i = 
 l 2P � N
p=1 j p � (2) (x � x p) 2� S j  N i
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Bulkspinnetlinksactingaspoint sourcesonS

Op. Consistencycond. ! operator CS Gausslaw with bulk
spinnetstatesacting aspoint sourcescarrying j i

Calculatedim H C S+ pt sour ces car r y ing j

But, dim H C S+ sour ces = 
( j 1; : : : ; j N ) where
 is the
number of conformal blocks of SU (2) k WZW model on S
with point sourcescarrying spinsj 1; : : : ; j N Witten1989,...
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) No. of microstatesof IH computable fr om calculating no.
of conf. blocks of SU (2) k WZW model with point sources
carrying spin.

� Compute
( j 1; : : : ; j N ) from fusionmatriceswhichoccurin
fusionalgebraof primary�elds characterizedby j

� FusionmatricesthemselvescomputedusingVerlindeformula
in termsof trigonometricfunctionsof spins

)


( j 1; : : : ; j N ) =
j 1X

m 1= � j 1
� � �

j NX

m N = � j N
( � (k )

m 1+ ��� + m N ;0

� � (k )
m 1+ ��� + m N ;� 1 � � (k )

m 1+ ��� + m N ;1)
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� (k )
m 1+ ��� + m N ;m �

1

k + 2

k+1X

l=0
ei (m 1+ ��� + m N � m ) � l

k+2

)

lim
k!1

� (k )
m;n = � m;n

De�cit angleatpunctures� ( j i ) is amonotonicfunctionof j i and
obeys

NX

i =1
� ( j i ) = const:

) for IH to have topologyof S2, mustmaximizeN ) choose
minimumj i = 1=2 8i
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N =
A hor

4�
p

3
 l 2P

Low-techway
It fr om bit Wheeler1995,' t Hooft 1996
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� Assumeeachplaquettehasarea� l 2
P ) p � A H =l2P � 1

for macroscopicblackholes

� Spin1/2 (binary)variablesin eachplaquette

� Countonly rotationallyinvariant(j tot = 0) states


( p) =
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B
B
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@

p
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| {z }

m tot =0

�
0
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B
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p
(p=2 + 1)
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C
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C
A

| {z }

m tot = � 1

) samedegeneracy ascountedvia CS-WZWconnection
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For N � 1

Smicr o � log 
( N )
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4l 2P
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4l 2P
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C
C
C
C
C
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where,
 0 = log 2=�
p

3

� Setting
 = 
 0 matchesthenormalizationof theBH arealaw
withoutchangingtheLO quantumcorrectionlog A hor

� Inclusionof spinsj > 1=2 doesnot changecoef�cient of log
correction; 
 0 changesby a few percent ! onceset,valid 8
isolatedhorizons

� In�nite series of �nite unambiguous quantum geometry
correctionsnot anticipated earlier
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Radiatingblackholesnotdirectlyaccessibleto LQG basedanaly-
sisasIsolatedHorizons
Usestd statmechto analyze: Can radiating black holesbe in
stablethermal equilibrium with their radiation bath ?
NO for Schwarzschildblack holessincethey have negative heat
capacity$ Z canon % 1
However, AdSblackholesaredifferent Hawking & Page1983

� AdS spacetimemetric has`con�ning' propertiesat large dis-
tance

� Cauchy datarequiresspeci�cationof incomingradiation

� For a rangeof parameters(r hor >> ( � �) � 1=2), adSblack
holescan be in stablethermalequilibrium with radiation)
CanonicalensembleOK for asymptoticallyadSblackholes
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Recallin canonicalGR

H = H bul k + H bdy

suchthat

H bul k � 0

In LQG

Ĥ = Ĥ bul k + Ĥ bdy

suchthat

Ĥ bul k j  N i blk = 0

wherej  N i blk arestatescharacterizingbulk space
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Ĥ = Ĥ bul k + Ĥ bdy
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Chooseasbasiseigenstatesof thefull Hamiltonian

j 	 i = X

N ;�
cN ;� j  N i blk j � � i bdy

With theseproperties,thecanonicalpartitionfunction

Z = T r exp � � ( Ĥ blk + Ĥ bdy )

= T r bdy exp � � Ĥ bdy
� Z bdy

) black hole thermodynamics completely determined by
boundary partition function
Differentnotion of holography : no duality betweenboundary
and bulk; bulk statesdecouplein canonicalensemble
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� Z bdy

) black hole thermodynamics completely determined by
boundary partition function
Differentnotion of holography : no duality betweenboundary
and bulk; bulk statesdecouplein canonicalensemble



Slide29

Chooseasbasiseigenstatesof thefull Hamiltonian

j 	 i = X

N ;�
cN ;� j  N i blk j � � i bdy

With theseproperties,thecanonicalpartitionfunction

Z = T r exp � � ( Ĥ blk + Ĥ bdy )
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Assume

� Boundary! blackholeeventhorizon

� Eigenvalues of Ĥ bdy : En = E(an ) where, an =
4�

p
3
 l 2P n

)

Z bdy = X

n
g(E(an )) exp � E(an )

'
Z

dn g(E(a(n ))) exp � � E(a(n )) f or n >> 1

=
Z

dE exp( Smicr o(E) � � E � log j
dE

dn
j)

Make saddlepoint approximation,with saddlepoint E = M I H ,
i.e., equilibriumcon�guration is chosento beanisolatedhorizon
with a massM (A hor ) . Includeeffect of Gaussianthermal�uc-
tuations.
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In saddlepointapproximation

Z bdy = exp
0

B
B
B
B
@
Smicr o(M ) � � M � log j

dE

dn
jE= M

1

C
C
C
C
A

�
2

6
6
6
6
4
�

�

S00
micr o(M )

3

7
7
7
7
5

1=2

| {z }

th: f l uct: cor r :

) usingstdstatmechrelation

Scanon = Smicr o(A hor ) �
1

2
log �

where,

� /
M 00(A hor )S0

micr o(A hor ) � M 0(A hor )S00
micr o(A hor )

M 0(A hor )S02(A hor )
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For thermalstability, Scanon ! real ) � > 0
HeatCapacityC � dM =dT ; usingmicrocanonicalde�nition
of temperatureT (A hor ) � 1 � dSmicr o=dM andexpressing
everythingasfunctionsof A hor

C = f 2(A hor ) � � 1

> 0 if f � > 0

Nec.& suff. cond. for thermal stability

� > 0 )
M 00(A hor ) S0

micr o(A hor ) > M 0(A hor ) S00
micr o(A hor )
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Remarks :

� Criterion derived without any referenceto speci�c black hole
metrics

� UnlessS00
micr o(A hor ) > 0 (asderivedfrom LQG), criterion

doesnot relateM (A hor ) andSmicr o(A hor )

� Suf�ciency : M (A hor ) > Smicr o(A hor )

Example : Schwarzschildbh

ds2 = �
0

B
B
B
@1 �

2M

r

1

C
C
C
A dt 2 +

0

B
B
B
@1 �

2M

r

1

C
C
C
A

� 1
dr 2 + r 2d
 2

) M (A hor ) = (A hor =16� )1=2

) Schwarzschildbh ! thermally unstable
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� Stabilitycriterionemploys LQG resultscrucially

� Hasno allusionat all to asymptoticbehaviour of speci�c clas-
sicalblackholespacetimes

� Reproducesresultof Hawking andPagefor AdSblackholes
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